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Abstract . In the paper [2] the method of transmission matrix applying for the case of 
a loop with turning pairs investigated. In the present paper the kinematics of a loop 
connected by composite joints, i.e. the one of revolute-translational joints are discussed 
now. By means of proposed method the planar motion of rigid bodies is presented by a 
point of general view. 
Especially,the introduced method allows to apply effectively universal softwere, for ex-
ample, MATCAD, MAPLE, ... for investigating complex mechanical systems. 
1. GENERA L INFORMATIONS AB OUT T R ANSMISSION 
MATR IX METHOD 
Let us consider a figure S rotating about 0 of 
the frame of reference Ox' y' and oriented by the 
angle c.p in counteroclockwise direction. This frame 
of reference is in translational displacement with 
respect to t he fixed frame of reference 0 0 °x0 y . As 
is known, the last frame is refered to global or iner-
tia frame of reference. An other frame of reference 
Oxy rigidly connected to the figure S at its point 
0 is assigned a body frame of reference. Let us 





these frame of reference are named global - coordi- : 
•V 
nate and body-coordinate respectively. It is noticed : 
x 
I 
that the body-coordinates are constants, while the oo...._ ___ __;. _______ 0 x 
global-coordinates are changing quantities at time. Fig. 1 
Let us interest a point M connected rigidly to the figure S . Its components of body-
coordinates are denoted by the constants a and b. It is easy to establish the relationship 
between the components of global-coordinates and body-coordinates . That are 
(1.1) 
where u, v are the components of global-coordinate of the origin 0 . 
The expression ( 1. 1) can be written in the matrix form 
OXM 1 0 u 1 0 0 cosc.p - -sinc.p· {) a 
OYM 0 1 0 0 1 v sinc.p cos 'P 0 b (1.2) 
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T h e  f o r m u l a  ( 1 . 2 )  t a k e s  t h e  f o l l o w i n g  f o r m  
0
r  =  T u T v T < p r .  ( 1 . 4 )  
F r o m  n o w  o n  t h e  m a t r i x  i s  n o t e d  b y  b o l d  l e t t e r s  a n d  t h e  v e c t o r  i s  t r e a t e d  a s  t h e  (  3 x 1 )  
m a t r i x ,  b u t  t h e  f r a m e  o f  r e f e r e n c e  i s  n a m e d  b r i e f l y  t h e  f r a m e .  
B y  ( 1 . 4 )  t h e  c o m p o n e n t s  o f  t h e  v e l o c i t y  o f  t h e  p o i n t  M i n  t h e  g l o b a l  f r a n - ,  i s  c a l c u l a t e d  
b y  t h e  f o r m u l a  
0
v  =  u (  *  )T~T v T  ' P r +  v (  *  ) T  uT~T ' P i ' +  c p (  *  ) T  u T  vT~( *  ) ,  ( 1 . 5 )  
w h e r e  [ 2 ]  t i . ( * ) ,  v ( * ) ,  c p ( * )  a r e  t h e  ( 3 x 3 )  d i a g o n a l  m a t r i c e s  o f  t h e  f o r m  
u o o  v o o  r . p o o  
u (  * )  =  I I  o  u  o  ;  v (  * )  =  o  v  o  ;  < P (  * )  =  o  r . p  o  I I ,  ( 1 . 6 )  
o o u  o o v  o o r . p  
b u t  t h e  m a t r i c e s  T~, T~ , T~ a r e  d e t e r m i n e d  a s  f o l l o w s  
T '  -
u  -
0  0  1  
0  0  0  
0  0  0  
· T '  
'  v  = =  
0  0  0  
0  0  1  
0  0  0  
· T '  =  
'  < p  
- s i n c p  
c o s c p  
0  
- c o s  c p  0  




( 1 .  7 )  
S i m i l a r l y ,  t h e  a c c e l e r a t i o n  o f  t h e  p o i n t  M  i n  t h e  i n e r t i a  f r a m e  i s  d e f i n e d  b y  t h e  f o r m u l a  
0
a  = i i ( *  )T~TvT ' P r +  v (  *  )TuT~T ' P r +  c p ( * ) T u T v T j r  +  c p
2
(  *  )TuTvT~r, ( 1 . 8 )  
w h e r e  t h e  m a t r i c e s  i i ( * ) , v ( * ) , c f ' ( * )  a r e  o f  t h e  s a m e  f o r m  o f  ( 1 . 6 ) ,  i n  w h i c h  t h e  q u a n t i t i e s  
u ,  v ,  c p  a r e  s u b s t i t u t e d  b y  i i ,  v ,  ( / ;  r e s p e c t i v e l y ,  b u t  t h e  m a t r i x  r ;  i s  o f  t h e  f o r m :  
- c o s  c p  s i n  c p  0  
r ;  = I I  - s i n c p  - c o s c p  O  
( 1 . 9 )  
0  0  
2 .  K I N E M A T I C  I N V E S T I G A T I O N  O F  A  M U L T I B O D Y  S Y S T E M  
L e t  u s  n o w  c o n s i d e r  a  l o o p  o f  n  l i n k s ,  w h i c h  a r e  c o n n e c t e d  e a c h  o t h e r  b y  t h e  c o m p o s i t e  
j o i n t s .  T h e  l i n k s  a r e  n u m e r e d  i n  t h e  p r o g r e s s i v e  o r d e r  0 ,  1 ,  2 ,  . .  . ,  n ,  w h e r e  t h e  l i n k  o f  t h e  
i n d e x  " O "  i s  r i g i d l y  c o n n e c t e d  t o  t h e  i n e r t i a  f r a m e .  
F o r  i n v e s t i g a t i n g  s u c h  a  s y s t e m ,  l e t  u s  s t u d y  t h r e e  o f  f o l l o w i n g  t y p i c a l  g r o u p s  o f  l o o p s .  
F i r s t  g r o u p .  L e t  u s  c o n s i d e r  a  l o o p  o f  t h r e e  b a r s  c o n n e c t e d  t o g e t h e r  b y  p u r e  t u r n i n g  
p a i r s  A i - 1 ,  A i ,  A i +  1  . a n d  t h e  l i n k s  a t e  n u m b e r e d  b y  (  i  - 1 ) ,  i  a n d  (  i  +  1 ) .  T h e  b o d y  f r a m e  






( j  =  i  - 1 ,  i ,  i  +  1 ) .  T h e  X j  a x i s  i s  d i r e c t e d  f r o m  A j  t o  A j + l ·  T h e  Y i  - a x i s  i s  d e f i n e d  
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by following the rule of right-hand orthogonal reference frame. The angle position of the 
links is oriented by the angles between links, for example, the 'Pi is the angle between 
(i - l)th_link and ith - link in accordance with counteroclockwise direction (Fig. 2) . 
Hereafter for simplicity the frames of reference Yi-I 
are expressed by the vectors· located along the x-
axis [2] 
Let us consider the point M rigidly conneted to 
the (i+ l)th_link, which is the last one in the group. 
Hereafter the inde_x located at left high corner of 
the quantity means that this quantity is determined 
with respect to the body frame of same index. For 
example, the point M rigidly connected to the ( i + 
l)th_body, the coordinate of which in the (i + l)th_ 
frame is a and b, in the ith_frame is ixM, iyM, but Fig. 2 
in the (i - l)th_frame is i-lxM, i-lYM · 
By introducing the symbols COS'f>i = Ci, sin'Pi = Si, Li- l = Ai-1 Ai; L i = AiAi+1 , 
where Li-l, Li are the length of the (i - l)th_link and the ith_link respectively. It is 
noticed that Li is the abscissa of the origin of the ith_body frame. It is easy to show that 
the configuration of the point M (the position, velocity, acceleration) rigidly connected to 
the (i + l)th_body frame will be 
i-1 TT r = i i+1r, 
i-lv = cpi ( * )T~Ti+ 1r + <Pi+l ( * )TiT~+1 r , 
i+l a= 'Pi ( * )T~Ti+1r + 'Pi+l ( * )TiT~+ 1 r 
+<PI ( * )T~'Ti+1r + <PI+1 ( * )TiT~~ 1 r + 2cpi( * )cpi+1 ( * )T~T~+ 1 r , 
where 
c · J s· J L1-1 -Sj -Cj 0 -Cj s · J 
T 1 = s · J c · J 0 T j = c · J -Si 0 T" . -J - - Si -Ci 
0 0 1 0 0 0 0 0 
<Pi 0 0 <Pi 0 0 
cpi(*) = 0 <Pi 0 ipi(*)= 0 'Pi . o 









Let us concern to .a three bars group, in which the middle link (i.e the ith_link) is in 
translational displacement with respect to the front link and connected to the behind one 
by revolute joint (Fig. 3). In this case the ith_body frame is in translational displacement 
with respect to the (i - l)th bopy frame. Therefore the abscissa of the origin Ai of the 
ith_body frame in the (i - l)th body frame is not constant. In connection with this let us 
introduce the variable Ui-1 = Li-1 · The Xi-1 - axis coincides with the Xi - axis, but the 
origin of the ith - body frame is the on~ of ( i + 1) th - body frame. Because of these we 
have: Li= 0, 'Pi= 0 (ci = 1, Si = 0). 
1 0 8  
A i - I  
Y i  
F i g .  3  
I n  s u c h  a  c a s e  w e  h a v e  
T
· =  
i  
1  0  
0  1  
0  0  
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L e t  u s  c o n s i d e r  t h e  t h r e e  b a r s  - g r o u p  i n  w h i c h  t h e  m i d d l e  l i n k  i s  i n  t r a n s l a t i o n a l  
d i s p l a c e m e n t  w i t h  r e s p e c t  t o  i t s  b e h i n d  l i n k ,  b u t  c o n n e c t e d  b y  t u r n i n g  p a i r  t o  t h e  f r o n t  
o n e .  I n  t h i s  c a s e  t h e  c o - o r d i n a t e  a x e s  o f  t h e  i t h _ b o d y  a n d  ( i + l ) t h _ b o d y  f r a m e  a r e  c o i n c i d e d .  
B y  t h i s  t h e  o r i e n t e d  a n g l e  ' P i + l  =  0  ( c i + l  =  1 ,  S i + l  =  0 ) .  B e c a u s e  o f  t h e  o r i g i n  o f  t h e  
( i  +  l ) t h  - b o d y  f r a m e  p u t t i n g  a t  i t s  m a s s c e n t e r ,  w e  h a v e  L i  =  A i C i + I  =  U i ,  w h i c h  i s  
c h a n g i n g  a t  t i m e .  T h e  t r a n s f o r m a t i o n  m a t r i x  T i +
1  
i s  o f  t h e  f o r m  
1  0  U i  
T i + l  =  I I  0  1  0  
0  0  1  
( 2 . 6 )  
B y  u s i n g  a b o v e  m e n t i o n e d  m o d e l s  i t  i s  p o s s i b l e  t o  i n v e s t i g a t e  k i n e m a t i c s  o f  e v e r y  
p l a n a r  m e c h a m i s m .  
3 .  A P P L I C A T I O N  
E x a m p l e  1 .  A  q u i c k - r e t u r n  m e c h a n i s m  i s  s h o w n  i n  F i g .  5 .  T h e  c r a n k  O A  = r a t  g i v e n  
i n s t a n t  o f  t i m e  i s  i n  h o r i z o n t a l  l i n e  o n  t h e  r i g h t  s i d e  a t  t h e  a n g u l a r  v e l o c i t y  a n d  a c c e l e r -
a t i o n  w 1 ,  € 1  r e s p e c t i v e l y .  T h e  d i s t a n c e  b e t w e e n  t w o  r o t a t i n g  a x e s  O C  =  h .  D e t e r m i n e  
t h e  a n g u l a r  v e l o c i t y  a n d  a c c e l e r a t i o n  o f  t h e  c r a n k  C B  a t  t h e  i n t e r e s t e d  p o s i t i o n  o f  t h e  
m e c h a n i s m .  
T h e  m e c h a n i s m  c o n s i s t s  o f  t h r e e  l i n k s  n u m e r e d  b y  t h e  o r d e r  1 ,  2 ,  3 .  T h e  i n e r t i a  f r a m e  
i s  e x p r e s s e d  b y  t h e  v e c t o r  x
0  
p u t t i n g  a t  0  a n d  b e i n g  i n  t h e  h o r i z o n t a l  d i r e c t i o n .  
T h e  b o d y  f r a m e s  a r e  r e p r e s e n t e d  t h e  v e c t o r s  x
1
,  x 2 ,  X 3  a s  s h o w n  i n  F i g .  5 .  T h e  o r i g i n  
o f  t h e s e  v e c t o r s  l o c a t e d  0 ,  A  a n d  B ,  r e s p e c t i v e l y .  
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<p2 
Fig. 5 
In accordance with above mentioned things we have: 
'Pl = 0 ( C1 = 1, S1 = 0) i <p3 = O(c3 = 1, s3 = O) ; 
where u is a changing quantity at time. 
The mechanism under consideration belonging to the third group is a closed loop. 
In connection with the latter it is necessary to interest the point C, which is ' fixed in 
the global frame with the coordinates (0, -h) . The body-coordinates of the point C are 
(-L,O). 
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0 1 0 
0 0 1 
1 0 u 
0 1 0 




[c2(u - L) + r] 
s2(u - L) 
1 
In accordance with the given position, L - u = CA 
obtained matrix equation, it is easy to calculate 
Jr2+h2. By solving the 
* r c - . 
2- Jr2+h2' 
* h s -----;::==::;:: 
2 - Jr2 + h2 
where the syrribol " *,, is the notation of the value of the quantity at the given instant of 
time. 
In order to calculate the angular velocity of the crank CB let us write the equations 
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0  
c 2  
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0  0  
c *  
2  
3 *  
- 2  
r  
0  0  1  - L  
+  u (  * )  I I  o  
1  
0  
3 *  
2  
c *  
2  
0  0  
0  0  0  
0  0  1  0  0  
1  
0  0  0  1  
B y  d e v e l o p i n g  t h e  w r i t t e n  e q u a t i o n ,  w e  g e t  
* ( L  * ) " *  * ( L  * ) " *  * " *  0  
8 2  - U  ' P l  +  8 2  - U  ' P 2  +  C 2 U  =  ;  
*  ( L  *  )  .  *  *  ( L  * )  .  *  *  .  *  0  
C 2  - U  +  r  ' P l  +  C 2  - U  ' 1 1 2  +  8 2 U  =  .  
T h e  s o l u t i o n s  o f  t h e s e  e q u a t i o n s  a r e  o f  t h e  f o r m  
.  *  .  *  c 2  .  *  
' P 2  =  - c p l  +  ( L  - u * )  r c p 1 ;  
.  *  *  .  *  
U  =  - T 8 2 ' P 1  
T h e  a b s o l u t e  a n g u l a r  v e l o d t y  o f  t h e  c r a n k  C B  d e n o t e d  b y  w
2  
w i l l  b e  [ 2 ]  
c *  r  
.  *  ·  *  _  2  r 1 i - i *  =  c 2 w 1 .  
w 2  =  ' P 1  +  ' P 2  - ( L  - u * )  r l  ) r 2  +  h 2  
T h e  r e l a t i v e  v e l o c i t y  o f  t h e  s l i d e r  A  w i t h  r e s p e c t  t o  t h e  b a r  C B  a t  t h e  g i v e n  i n s t a n t  
o f  t i m e  i s  o f  t h e  f o r m  
*  " *  *  " *  *  
V T  - - u  =  T 8 2 ' P 1  =  T W 1 8 2 ·  
T h e  p o s i t i v e  s i g n a l  o f  t h e  e x p r e s s i o n  o f  t h e  v e l o c i t y  p r o v i d e s  t h a t  t h e  r e l a t i v e  v e l o c i t y  
t h e  s a m e  d i r e c t i o n  t o  t h e  v e c t o r  X 3 .  
I n  o t h e r  w o r d s ,  a t  t h e  g i v e n  i n s t a n t  o f  t i m e  t h e  r e l a t i v e  v e l o c i t y  i s  i n  t h e  d i r e c t i o n  
f r o m  A  t o  B .  
I n  o r d e r  t o  d e f i n e  t h e  a c c e l e r a t i o n ,  l e t  u s  a p p l y  t h e  f o r m u l a  ( 2 . 3 )  i n  c o n s i d e r a t i o n  o f  
( 2 . 4 )  a n d  ( 2 . 6 ) ,  t h a t  a r e  
0  
0  
- 1  
0  
c *  
2  
3 *  
- 2  
r  
1  
0  u *  
- L  
0  
= c f > 1  (  * )  
1  
0  0  
3 *  
2  
c *  
2  
0  0  1  0  
0  
0  
0  0  0  0  0  
1  
0  0  
1  1  
1  
0  0  
- 8 2  - c 2  
0  - L  
+  < P 2 (  * )  I I  o  
1  
0  
c *  
2  
3 *  
- 2  
0  0  
0  0  1  
0  0  
0  




c ;  
- s 2  
r  
0  0  
1  
- L  
+ i i ( * )  I I  0  
1  
0  
8 2  
c *  
2  
0  0  
0  0  0  
0  0  
1  
0  0  
1  
0  0  0  
1  
- 1  
0  0  
c *  3 *  
r  1  
0  ·  u * .  
- L  
+ < P i
2
( * )  I I  
2  
- 2  
0  
- 1  
0  
3 *  




0  0  
2  2  
0  0  
0  0  0  1  
0  0  1  1  
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1 0 0 s"* -c; 0 1 0 u* -L - 2 
+ <P22 0 1 0 c* -s2 0 0 1 0 0 2 
0 0 1 0 0 0 0 0 1 1 
0 -1 0 s* 
- 2 c* - 2 0 1 0 u* -L 
+ 2cpi ( * )cp; ( *) 1 0 0 c2 -s2 0 0 1 0 0 
0 0 0 0 0 0 0 0 1 1 
0 -1 0 c* 2 s* - 2 r -L 
+ 2<Pi(*)u*(*) 1 0 0 . s2 c* 2 0 0 
0 0 0 0 0 1 1 
1 -0 0 
-s2 -c2 0 -L 
+ 2cp; ( *) u * ( *) 0 1 0 c2 -s2 0 0 
0 0 1 0 0 0 1 
By solving above establised matrix equation we obtain 
"* _ ( c2r l) .. * + 1 [ * . *2 2 . * + . *] "*· r.p2 - L * - r.pl L * r s2r.p1 - r.pl r.p2 u , 
-u - u 
··* (L *)( ·* + "*)2 + ·*2 * U = - - U r.pl r.p2 rr.pl C2· 
In consideration of 
"* -r.pl =W1 , 
L-u*=Jr2 +h2; * r C2= Vr2+h2' 
we get 
where: w1, w2, c1 , c:2 are the absolute angular velocities and accelerations of the bars OA 
and CB respectively 
Example 2. Let us consider a mechanism shown in 
Fig. 6. The length of the rod AC = L. The verti-
cal guider located at the distance h with respect to 
the fixed rotating axis 0. Determine the velocity and 
acceleration of the sliding rod CA 
The mechanism under consideration consists of three 
bars, numered in the order 1, 2, 3, in which the slider 
A (link 2) is in translational displacement with respect 
to the crank 1. By such a way the consider mechanism 
belongs second group. The inertia frame is expressed 
by the x 0 in horizontal direction. The body frames are 
expressed by the vectors x1, x2, X3 respectively as in 
Fig. 6. The origin A of the 2nd body frame displaces 
along the axis of the x-axis of the 1st_ body frame. In 
accordance with this we have 
r.p2 = 0 -t c; = 1, s; = 0. 




1 1 2  
D o  S a n h ,  D o  D a n g  K h o a  
I n  a d d i t i o n ,  t h e  o r i e n t e d  a n g l e  o f  t h e  b a r  C A  i n  t h e  g l o b a l  f r a m e  i s  e q u a l  t o  
T h e r e f o r e :  
7 f  7 f  
' P l  +  ' P 2  +  ' P 3  =  2  - - - >  ' P l  +  ' P 3  =  2  - - - >  8 3  =  C 1 ,  C 3  =  8 1 .  
B e s i d e s ,  t h e  m e c h a n i s m  u n d e r  c o n s i d e r a t i o n  i s  a  s e m i - c l o s e d  l o o p ,  b e c a u s e  t h e  p o i n t  
C  o f  t h e  l a s t  l i n k  ( l i n k  3 )  i s  i n  d i s p l a c e m e n t  a l o n g  t h e  g u i d e r  f i x e d  i n  t h e  g l o b a l  f r a m e .  
T h e  g l o b a l  a n d  b o d y  c o o r d i n a t e s  o f  t h e  p o i n t  C a r e  ( h ,  - 0  a n d  ( - L ,  0 )  r e s p e c t i v e l y .  
B y  a p p l y i n g  ( 2 . 1 )  i n  c o n s i d e r a t i o n  o f  ( 2 . 5 )  
w e  g e t  
[  ~' l  ~ 
c *  





3 *  
c *  







0  0  
B y  t h e  e s t a b l i s e d  m a t r i x  e q u a t i o n ,  w e  f i n d :  
u .  
3 *  
1  
0  




*  h  *  L - C  
8 3  =  - ;  C 3  =  - - -
u *  u *  
c *  
- 1  
0  - L  
3 *  
1  
0  0  
0  
1  1  
I n  o r d e r  t o  c a l c u l a t e  t h e  v e l o c i t y ,  l e t  u s  w r i t e  t h e  e q u a t i o n  ( 2 . 2 ) ,  w h i c h  i s  o f  t h e  f o r m  
0  
3 *  
- 1  
c *  




u *  3 *  
1  
c *  
- 1  
0  - L  
c  
= 0 1  (  * )  
c *  
1  
3 *  
- 1  
0  0  
1  
0  
c *  
1  





0  0  
1  
0  0  
1  
0  0  1  1  
c *  
1  
3 *  
- 1  
0  0  0  
1  
3 *  
1  
c *  
- 1  
0  - L  
+ u 2 ( * )  I I  8 i  
c *  
1  
0  0  0  0  
c *  
1  
3 *  
1  




0  0  0  0  0  1  1  
c *  
1  
3 *  




u *  
c *  
1  
3 *  
1  
0  - L  
+ 0 3 ( * )  1 1  8 i  






3 *  
- 1  
c *  
1  
0  0  
0  0  
1  
0  0  
1  
0  
0  0  
1  
B y  t h i s  e q u a t i o n  w e  c a l c u l a t e  
.  *  8 i  *  *  8 i  *  .  *  *  *  .  *  *  *  
~ =  - ; u  ' P 1  =  - ; u  W 1 ;  u  =  C 1  u  ' P 1  =  C 1  u  W 1 .  
c l  c l  
C o n c e r n i n g  t o  t h e  p r o b l e m  o f  a c c e l e r a t i o n ,  l e t  u s  w r i t e  t h e  e q u a t i o n  ( 2 . 3 ) ,  t h a t  i s  
0  - 8 *  - c *  0  1  0  u  3 *  - c *  0  - L  
. .  1  1  1  1  
C  = < P i  (  * )  c i  - 8 i  0  0  1  0  c i  8 i  0  0  
0  0  0  1  0 0 1  0  0  1  1  
c i  - 8 i  0  
+ i i ( * )  I I  8 i  c i  0  
0  0  1  
c i  - 8 i  0  
+ < P 3 ( * ) 1 1 8 i  c i  0  
0  0  1  
0  0  1  
0  0  0  
0  0  0  
1  0  u *  
0  1  0  
0  0  1  
8 i  - c i  0  
c i  8 i  0  
0  0  1  
- c i  - 8 i  0  
s *  - c *  0  
1  1  
0  0  0  




- L  
0  
1  
: . . .  































1 0 u* 





- ci 0 
- si 0 
0 1 
-ci 0 






0 0 1 
0 0 0 
0 0 0 
0 
1 0 u* 
0 1 0 
0 0 1 
0 0 1 
0 0 0 
0 0 0 
By realizing the calculations we find 































.. si * .. * * . *2 si * . *2 si * * 2 
u = -;u (fJ1 + u (fJ1 + 2-;u (fJ1 = -;u c 1 + u w1 ; 
C1 cl cl 
·· (u*<Pi+2u*<Pi) (u*.s1+2u*w1) ~= * = * . 
Cl Cl 
Example 3. The crank OA, turning about fixed 0, 
is connected by turning pair to link 2, which moves in 
slider 3. Slider 3 turns about fixed axis 0 . Determine 
the angular velocity and acceleration of the link2 when 












The mechanism under consideration is a closed 
three bars loop, because the point C of the last link of 
the group (link 3) is fixed in the inertia frame, which 
is expressed by the vector x 0 • The body frame are 





The link 2 is in the translational displacement with respect to the last link (link 3). 
The mechanism belongs to third group. In connection with this, it is easy to see that 
(fJ3 = 0 ---. c3 = 1, s3 = 0. Besides, t he origin of 3th_body frame is in displacement 
with respect to 2nd body frame, i.e. the quantity L2 =u is variable. The global and 
body coordinate of the point B belonging to the link 3 are (h, 0) and (0, 0) respectively. 
Applying the formula (2.1) for this point, we obtain the equation for defining the position 
of the mechanism at given time, that is 
h 0 -1 0 c* 2 -s2 r 1 0 - u 0 
0 1 0 0 s* 2 c* 2 0 0 1 0 0 
1 0 0 1 0 0 1 0 0 1 1 
By means of solving this equation, we find 
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h  
*  - - ;  
8
2  - u *  
r  
*  - - .  
C 2  - u *  
I n  o r d e r  t o  d e t e r m i n e  t h e  v e l o c i t y  l e t  u s  w r i t e  t h e  e q u a t i o n  ( 2 . 2 )  f o r  t h e  p o i n t  B ,  t h a t  
0  
- 1  
0  0  
c *  
2  
s *  




- u *  
0  
= < P i ( * )  
0  
1  0  
s *  c *  
0  
0  










0  0  
1  
0  
- 1  
0  - s 2  
- c 2  
0  
1  0  
- u *  
+ < P 2 ( * )  1 1 1  
0  
0  
c 2  
s *  







- 1  
0  
c *  
2  
- s 2  
+ u * ( * ) l l  1  
0  
0  
s *  
2  







[ s 2 u *  +  c 2 u * 0 2  - ( c 2 u *  - r ) 0 i ]  
[ c 2 u *  - s 2 u * 0 2  - s 2 u * 0 i l  
1  



















.  *  *  .  *  *  
.  *  .  *  c 2  .  *  
' P 2  =  - < p i  +  - r < p 1 .  
u *  
1 l  =  S 2 T ' P 1  - s 2 r W 1 ;  
T h e  a b s o l u t e  a n g u l a r  v e l o c i t y  o f  t h e  s l i d i n g  r o d  A B  w i l l  b e  
r 2  
.  *  .  *  2  
W 2  =  ' P l  +  ' P 2  =  ~Wl 












T h e  r e l a t i v e  v e l o c i t y  o f  t h e  p i t t o n  B  w i t h  r e s p e c t  t o  t h e  s l i d i n g  r o d  A B  i s  e q u a l  t o  
*  *  .  *  
V e  =  - 1 l  - S 2 T ' P 1  
h  
- - r w 1  
u *  
F o r  t h e  a i m  o f  c a l c u l a t i n g  a c c e l e r a t i o n ,  l e t  u s  w r i t e  e q u a t i o n  ( 2 . 3 )  f o r  t h e  p o i n t  B ,  
t h a t  i s  
0  
- 1  
0  
0  
c 2  
- s 2  
r  
1  0  
- u *  
0  
0  
" *  (  )  
0  
1  0  



















- 1  
0  
s *  
- 2  
c *  
- 2  
0  
+ 0 2 ( * ) 1 1 1  
0  0  
c 2  










- 1  
0  
c 2  
- s 2  
r  0  
0  
- 1  
0  
+ i i * ( * ) l l  1  
0  
0  
s 2  









0  0  




Method of transmission matrix for investigating planar relative motions 
0 1 0 
-1 0 0 
0 0 1 
0 1 0 
+ c,0;2 ( *) 1 0 0 
0 0 1 
-1 








-1 0 0 
+ 2c,Oi(*)u*(*) o -1 o 
0 0 0 
0 -1 0 
+ 2c,0; ( *) u * ( *) 1 0 0 
0 0 1 
1 0 -u* 
0 1 0 











c; -s; r 
s; c; 0 
0 0 1 
-s2 -c; 00 
c; -s2 0 
0 0 0 






0 0 -1 
0 0 0 
0 0 0 
0 0 1 
0 0 0 
0 0 0 
In the developing form the obtained equation will be 
* * . * 
··* ··* C2 •·* 82 ·*2 2( "* "*)U 
'P2 = - 'Pl + -,;T'fJ1 + -,;'Pl + 'Pl + 'P2 -,;; 
u u u 











The absolute angular velocity of the rod AC and the relative velocity of the rod AC 
with respect to the turning pistton B are of the form respectively 
r 
Jr2 + h2' 
By substituting these date into the above expressions we find 
r 2 hr3 r 2 
c2 = 2 h2 c1 + ( 2 h2)2 [2 + 2 h2 Jw?; r + r + r + 
hr r 2 r 2 
a - c1 - ( - 1 )w2 
r - Jr2 + h2 Jr2 + h2 r2 + h2 l' 
where w1 and c1 are the absolute angular velocity and acceleration of the crank OA at the 
given instant of time respectively. 
1 1 6  D o  S a n h ,  D o  D a n g  K h o a  
4 .  C O N C L U S I O N  
I n  t h e  p a p e r  t h e  t r a n s m i s s i o n  m a t r i x  m e t h o d  i s  a p p l i e d  f o r  i n v e s t i g a t i n g  t h e  r e l a t i v e  
m o t i o n  o f  p l a n a r  m e c h a n i s m s .  T h e  p r o p o s e d  m e t h o d  a r e  a n  u s e f u l  t o o l  f o r  s o l v i n g  t h e  
p r o b l e m s  o f  k i n e m a t i c s  a n d  d y n a m i c s  o f  r i g i d  b o d y  s y s t e m s ,  f o r  e x a m p l e ,  t h e  s y n t h e t i c  
a n d  a n a l y s i c  p r o b l e m  o f  m o t i o n s .  I t  i s  i m p o r t a n t  t h a t  b y  s u c h  a  w a y  i t  i s  p o s s i b l e  t o  
a p p r o a c h  t h e  s o f t w e r e  a s  M A T C A D ,  M A P L E ,  . . .  f o r  s t u d i n g  t h e  c o m p l e x e d  s y s t e m s  
T h i s  w o r k  i s  c o m p l e t e d  b y  f i n a n c i a l  s u p p o r t  o f  t h e  B a s i c  P r o g r a m  i n  N a t u r a l  S c i e n c e .  
R E F E R E N C E S  
1 .  D o  D a n g  K h o a ,  T r a n  D u e ,  D i n h  V a n  P h o n g ,  D o  S a n h ,  T h e  O p t i m a l  C o n t r o l  f o r  t h e  s y s t e m  o f  
p r o g r a m  m o t i o n ,  T h e  3 r d  V i e t n a m  C o n f e r e n c e  o n  M e c h a t r o n i c s ,  V M C  2 0 0 6 ,  H a n o i ,  V i e t n a m ,  
P u b ! .  H a n o i  N a t i o n a l  U n i v e r s i t y ,  p p .  8 7 - 9 5  
2 .  D o  S a n h ,  D o  D a n g  K h o a ,  T h e  M e t h o d  o f  T r a n s m i s s i o n  M a t r i x  f o r  I n v e s t i g a t i n g  P l a n a r  M e c h -
a n i s m ,  
3 .  E .  J .  H a u g ,  C o m p u t e r  A i d e d  K i n e m a t i c s  a n d  D y n a m i c s  o f  M e c h a n i c a l  S y s t e m s ,  V o l u m e  I ,  
B a s i c  M e t h o d ,  A l y n &  B a c o n ,  N e w Y o r k ,  1 9 8 9 .  
4 .  W .  K h a l i  a n d  E .  D o m b r e ,  M o d e l i n g ,  I d e n t i f i c a t i o n  a n d  C o n t r o l  o f  R o b o t s ,  L o n d o n ,  H e r m e s ,  
2 0 0 2 .  
5 .  J .  P .  M e r l e r ,  J a c o b i a n ,  M a n i p u l a b i l i t y ,  C o n d i t i o n  N u m b e r  a n d  A c c u r c y  o f  P a r a l l e l  R o b o t s ,  
J o u r n a l  o f  M e c h a n i c a l  D e s i g n  1 2 8  ( 1 )  ( 2 0 0 6 )  1 9 9 - 2 0 6 .  
6 .  E .  N i k r a v e s P ,  C o m p u t e r  A i d e d  A n a l y s i c s  o f  M e c h a n i c a l  S y s t e m ,  P r i n t i c e  H a l l ,  N e w  Y o r k ,  1 9 8 9 .  
7 .  B .  P a u l ,  K i n e m a t i c s  a n d  D y n a m i c s  o f  P l a n a r  M a c h i n e r y ,  P r i n t i c e  H a l l ,  N e w Y o r k , 1 9 8 9  
8 .  A .  S h a b a n a ,  D y n a m i c s  o f  M u l t i b o d y  S y s t e m s ,  J o h n  W i l l e y  & S o n c ,  N e w Y o r k  / C h i c h -
e s t e r / B r i s b a n e ,  1 9 8 9 .  
R e c e i v e d  O c t o b e r  4 ,  2 0 0 7  
P H U O N G  P H . A P  M A  T R A N  T R U Y E N  K H A O  s . A  T  c . A c  
~ :  J  
C H U Y E N  D Q N G  T U O N G  D O I  
N ( > i  d u n g  c u a  b a i  b a o  I a  t i e p  t 1 , l C  x a y  d 1 1 n g  p h t . r e m g  p h a . p  m a  t n % n  t r u y e n  d e  k h l t o  s a t  b a i  t o a n  
c h u y e n  d ( > n g  t u a n g  d o i  c h o  h~ v~t r i i n  ( t r o n g  b a i  b a o  a e  c~p d e n  b a i  t o a n  c a c  c h u y e n  d ( > n g  p h i l n g ) .  
B a i  t o a n  n h u  v~y d u g c  q u a n  t a m  n h i e u  t r o n g  k y  thu~t, d~c bi~t t r o n g  c a c  b a i  t o a n  t 6 n g  h c ; : r p  
c h u y e n  d ( > n g ,  t r n & c  h e t  l a  n h i f n g  b a i  t o a n  d i e u  k h i e n  c h u y e n  d o n g  c h u a n g  t r l n h  c a c  h~ C O '  h 9 c .  
M 9 t  k e t  q u a  q u a n  t r 9 n g  l a  p h u a n g  p h a p  d u g c  d e  x u a t  c h o  m < ; > t  q u a n  d i e m  t 6 n g  q u a t  d o i  v & i  b a i  
t o a n  k h l t o  s a t  d ( > n g  h Q C  c a c  h~ C O '  h Q C .  .  
